The aim of this paper is to give a direct and simple proof and popularize a result for the existence of metrics of positive Ricci curvature on the total space of a large class of fiber bundles with compact structure groups. We believe that this result can be useful to build new examples of manifolds with positive Ricci curvature, in particular, it also generalizes and give an unified framework for the results in Nash [5] and Poor [6] .
Introduction
The amount of examples of manifolds with positive sectional curvature is small in comparison to the class of manifolds with non-negative sectional curvature (see [9] ). However, there is no theorem that distinguish these two classes in the compact simply connected case. Therefore, the understanding of special classes of examples can lead to new insights and perspectives. An intermediate step is to construct examples with positive Ricci curvature.
In this direction, Nash [5] and Poor [6] proved that the total space of some classes of fiber bundles admit metrics of positive Ricci curvature: for instance, linear sphere bundles, vector bundles and principal bundles over manifolds with positive Ricci curvature. In particular, their results provide metrics of positive Ricci curvature on the very interesting exotic spheres.
Here we present an elementary proof for the following natural generalization of their results:
A principal orbit of the G-action on F has finite fundamental group, 3. F has a G-invariant metric such that the submersion metric on F reg /G has Ric F reg /G ≥ 1. Then M carries a metric of positive Ricci curvature.
We believe that, as stated, this Theorem can be used to build new examples of manifolds with positive Ricci curvature. For instance, the method naturally extend the examples in [8] and [2] , as one can use the examples there both as bases and fibers. A more detailed account is given in Section 3. Furthermore, it puts in a common ground the Theorems of Nash and Poor: Theorem 3.5) . Let G/H ֒→ E → M be a fiber bundle with compact structure group G such that M is compact and admits a metric g with Ric g > 0. If G H admits a metric with Ric ≥ 1 (equivalently, if π 1 (G/H) is finite), then E admits a metric of positive Ricci curvature. Theorem 1.6 is proved using the classical canonical deformation for fiber bundles and the quadratic trick. Although this result appears in literature (see [4, Theorem 2.7.3, p . 100]) our correspondence with several specialists revealed that it is not very well known, which was the motivation for writing this paper.
Proof of Main Theorem
Let π : (F, g F ) ֒→ (M, g) → (B, g B ) be a Riemannian submersion. The canonical deformationg of the metric g is defined as: 
We now prove Theorem 1.6.
Proof of Theorem 1.6. The main idea is to use the quadratic trick and the canonical deformation. Firstly, consider on M the unique metric g such that the fibers F are totally geodesic submanifolds (see [4, proposition 2.7.1, p. 97]) and letg be a canonical deformation of the metric g.
Take X ∈ H, V ∈ V, X = V = 1 and let λ ∈ R. Define the polynomial p(λ) :=Ric(X + λV ). Take {e i } k i=1 an orthonormal base for H and {e j } n j=k+1 an orthonormal base for V. Then, R(X + λV, e i , e i , X + λV ) =R(X, e i ) + λ 2R (V, e i ) + 2λR(X, e i , e i , V ), ∀i ∈ {1, . . . , n}.
Summing up in i and using the formulae on proposition 2.1 one obtains:
The discriminant ∆ t (X, V ) is given by:
We claim that there is t < 0 such that for every X ∈ H, V ∈ V, X = V = 1, one has ∆ t (X, V ) < 0. In fact, suppose on the contraty that for each n ∈ N there are X n , V n as on hypothesis such that ∆ −n (X n , V n ) ≥ 0. Passing to a subsequence if necessary and taking n → ∞ one has: 
Examples
Since every example in [2] and [8] Hence, one can construct associated bundles with fibers P (seen as a G-manifold and provided π 1 (G) < ∞), M or M ′ . For each choice of fiber one has two possible bases, which yields six bundles with positive Ricci curvature.
3. In the same lines of item 2, let G = S 3 , P = Sp(2), M = S 7 , M ′ = Σ 7 and pr : S 3 ֒→ Sp(2) → B, where M ′ is the Gromoll-Meyer exotic sphere and B is compact and has a metric of positive Ricci curvature. One can consider several associated bundles with positive Ricci curvature, for instance, one can construct a stair of bundles with positive Ricci curvature in the following way: (a) Take E as the associated bundle to pr : S 3 ֒→ Sp(2) → B with fiber P = Sp(2) and basis B. This bundle admits a metric of positive Ricci curvature. (b) One can assume that B is either S 7 or Σ 7 , obtained as orbit spaces from pr with two distinct actions on Sp (2), that are neither • nor ⋆. (c) In the case B = S 7 , see S 7 as a S 3 -manifold with the ⋆-action on it, and in the case B = Σ 7 , see Σ 7 as a S 3 -manifold with • action on it. Then, B is a S 3 -manifold that one can use as a fiber to an associated bundle to pr : Sp(2) → S 7 or pr : Sp(2) → Σ 7 . For each choice of fiber, one has two possible bundles with basis S 7 or Σ 7 . For example, (i)
where E ⋆ denotes the bundle with fiber S 7 constructed with the ⋆-action on it and basis Σ 7 .
where E • denotes the bundle with fiber Σ 7 constructed with the •-action on it and basis S 7 . (d) Note that one can still construct two more associated bundles, which we denote by E, to Q = Sp(2) → B, B = S 7 , Σ 7 by considering as fibers S 7 or Σ 7 , both seen as S 3 -manifolds with the induced actions (that are neither • nor ⋆) by S 3 on Q = Sp(2). Therefore, one can build the following stair of bundles with positive Ricci curvature: 
